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Abstract
In this paper, we prove that if a transcendental meromorphic function f shares two distinct small
functions CM with its kth derivative f (k) (k > 1), then f = f (k). We also resolve the same question
for the case k = 1. These results generalize a result due to Frank and Weissenborn.
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1. Introduction and results
LetM(C) be the set of functions, which are meromorphic in the complex planeC. For a
function f ∈M(C), we shall use the standard notations in Nevanlinna’s value distribution
theory of meromorphic functions such as the characteristic function T (r, f ), the count-
ing function N(r,f ) of the poles, and the proximity function m(r,f ) (see, e.g., [3]). The
notation S(r, f ) is defined to be any quantity satisfying S(r, f ) = o(T (r, f )) as r →∞
possibly outside a set of r of finite linear measure. A meromorphic function a ( = ∞) is
called a small function with respect to f provided that T (r, a)= S(r, f ). Denote S(f ) the
set of all small functions of f. Note that S(f ) is a field. In this paper, we introduce the no-
tation S1(r, f ) which is defined to be any quantity such that for any positive number ε there
exists a set E(ε) whose upper logarithmic density is less than ε, and S1(r, f )= o(T (r, f ))
as r→∞, r /∈E(ε). Let
S1(f ) :=
{
a ∈M(C): T (r, a)= S1(r, f )
}
.
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T (r, f ) S1(r, f ) always implies a contradiction.
For two nonconstant meromorphic functions f and g, and a ∈ S1(f ) ∩ S1(g), we say
that f and g share a IM (CM) provided that f − a and g − a have the same zeros ignoring
(counting) multiplicities.
In 1976, Rubel and Yang [9] proved that if f is entire function and shares two finite
values CM with f ′, then f ≡ f ′. Mues and Steinmetz [7], and Gundersen [2] improved
this result and proved the following
Theorem A. Let f be a nonconstant meromorphic function, a and b be two distinct finite
values. If f and f ′ share the values a and b CM, then f = f ′.
Frank and Weissenborn [1] improved Theorem A and proved the following result.
Theorem B. Let f be a nonconstant meromorphic function. If f and f (k) share two distinct
finite values a and b CM, then f = f (k).
It is natural to ask whether the conclusion of Theorem B remains true when the values
a and b are replaced by two small functions of f. In the present paper, we shall answer this
question and prove the following result.
Theorem 1. Let f be a transcendental meromorphic function, a1 and a2 (aj = ∞,
j = 1,2) be two distinct meromorphic functions satisfying T (r, aj ) = S1(r, f ), j = 1,2,
and let k > 1 be a positive integer. If f and f (k) share a1 and a2 CM, then f = f (k).
The following example shows that the conclusion in Theorem 1 is not valid generally
for k = 1.
Example 1. Let h= e−ez , and f = α2 + (α2 − α1)/(h− 1), where
α1 =−13e
−2z − 1
2
e−z, α2 =−13e
−2z + 1
2
e−z.
Obviously, T (r,αj ) = S(r, f ), and N(r,1/(f − αj )) = 0, j = 1,2. Let a1 = α′2 and
a2 = α′1. Then we have T (r, aj )= S(r, f ), j = 1,2. It is easy to verity
f ′ − a1 = e2z(f − a1)(f − α2) and f ′ − a2 = e2z(f − a2)(f − α1).
Hence f and f ′ share aj CM (j = 1,2).
However, we shall prove the following
Theorem 2. Let f be a transcendental meromorphic function, a1 and a2 (aj = ∞,
j = 1,2) be two distinct meromorphic functions satisfying T (r, aj ) = S1(r, f ), j = 1,2.
If f and f ′ share a1 and a2 CM, and if f = f ′, then f can be expressed as
f = α2 + (α2 − α1)/(h− 1), where h is a transcendental meromorphic function satisfying
N¯(r, h)+ N¯
(
r,
1
)
= S1(r, f ),h
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α′2 = a1, a1 − a2 = α1 − α2, and
T (r,αj )= S1(r, f ), N
(
r,
1
f − αj
)
= S1(r, f ), j = 1,2.
Moreover, f is a solution of the following equation:
f ′ − a1 = (f − a1)(f − a2)
a1 − α1 .
From Theorems 1 and 2, we can easily get the following
Corollary 1. Let f be a transcendental meromorphic function, a1 and a2 be two distinct
rational functions. If f and f (k) share a1 and a2 CM, then f = f (k).
2. Lemmas
Lemma 1 [4]. Suppose that f is a transcendental meromorphic function and that K is
a positive number greater than one. Then there exists a set M(K) of upper logarithmic
density at most
δ(K)=min{(2eK−1 − 1)−1, (1+ e(K − 1)) exp(e(1−K))}
such that the inequality
lim sup
r→∞
r /∈M(K)
T (r, f )
T (r, f (k))
 3eK
holds for every positive integer k.
Remark. By Lemma 1, we see that if f is a transcendental meromorphic function, and if
ϕ ∈M(C) satisfying T (r,ϕ(k))= S1(r, f ), then T (r,ϕ)= S1(r, f ).
Lemma 2 [8]. Let f be a transcendental meromorphic function, and
F = anf n + an−1f n−1 + · · · + a0, an ≡ 0,
be a nth polynomial in f whose coefficients aj are meromorphic functions satisfying
T (r, aj )= S(r, f ), j = 0,1, . . . , n. If N¯(r,1/F )= S(r, f ), then three cases are possible
(i) F = an
(
f + an−1
nan
)n
.
(ii) F = an
(
f 2 + 2an−1
nan
f +
(
an−1
nan
)2
+ α0
)µ
with α0 ≡ 0 meromorphic, T (r,α0)= S(r, f ), and n= 2µ, µ ∈N.
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(
f + an−1
nan
− λ1β0
)µ1(
f + an−1
nan
− λ2β0
)µ2
with β0 ≡ 0 meromorphic, T (r,β0) = S(r, f ), µ1,µ2 ∈ N, λ1, λ2 ∈ C, λ1 = λ2,
whereby µ1 +µ2 = n and µ1λ1 +µ2λ2 = 0.
If in addition N¯(r, f )= S(r, f ), then
F = an
(
f + an−1
nan
)n
.
The following lemma is due to Mues.
Lemma 3 [10]. Let f be a nonconstant meromorphic function satisfying the following
Riccati differential equation:
f ′ = c1f 2 + c2f + c3, (1)
where c1 ( = 0), c2, and c3 are meromorphic functions satisfying T (r, cj ) = S(r, f ),
j = 1,2,3. Furthermore, let ρ be a meromorphic function and T (r, ρ)= S(r, f ).
(i) If ρ is a solution of (1), then N¯(r,1/(f − ρ))= S(r, f ).
(ii) If ρ is not any solution of (1), then T (r, f )=N(r,1/(f − ρ))+ S(r, f ).
Lemma 4 [5]. Let f be a meromorphic function satisfying N(r,f )= S(r, f ), and a1, a2
( =∞) be two distinct meromorphic functions satisfying T (r, aj )= S(r, f ), j = 1,2. If f
and f (k) share a1 CM and share a2 IM, then f ≡ f (k).
Remark. According to the proofs of Lemmas 2–4, we can see that the conclusions in these
three lemmas are also valid when S(r, f ) is replaced by S1(r, f ).
Lemma 5 [6]. Let f1 and f2 be two nonconstant meromorphic functions satisfying
N¯(r, fi)+ N¯
(
r,
1
fi
)
= S(r), i = 1,2.
If f s1 f t2 − 1 is not identically zero for all integers s and t (|s| + |t| > 0), then for any
positive number ε, we have
N0(r,1;f1, f2) εT (r)+ S(r),
where N0(r,1;f1, f2) denotes the reduced counting function of f1 and f2 related to the
common 1-points and T (r)= T (r, f1)+ T (r, f2), S(r)= o(T (r)) as r →∞, except for
a set of r of finite linear measure.
Lemma 6. Let f be a transcendental meromorphic function, βj , γj (j = 1,2) be
meromorphic functions satisfying T (r,βj )= S1(r, f ), T (r, γj )= S1(r, f ), j = 1,2, and
β1 ≡ β2. If
N¯
(
r,
1
2
)
= S1(r, f ), j = 1,2,f + βjf + γj
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that
N¯
(
r,
1
f + αj
)
= S1(r, f ), j = 1,2.
Proof. Let
F = (f 2 + β1f + γ1)(f 2 + β2f + γ2), (2)
which is a polynomial in f and N¯(r,1/F )= S1(r, f ). By Lemma 2, only three cases are
possible.
Case 1. F can be expressed as
F =
(
f + β1 + β2
4
)4
.
Therefore, we have
γ1 + γ2 + β1β2 = 38 (β1 + β2)
2, (3)
γ1β2 + γ2β1 = 116 (β1 + β2)
3, (4)
γ1γ2 = 1256 (β1 + β2)
4. (5)
Since β1 = β2, from (3) and (4) we can get
γ1 = 116
(
5β21 − 2β1β2 + β22
)
, (6)
γ2 = 116
(
5β22 − 2β1β2 + β21
)
. (7)
(5), (6), and (7) yield(
5β21 − 2β1β2 + β22
)(
5β22 − 2β1β2 + β21
)= (β1 + β2)4,
which is equivalent to (β1 − β2)4 = 0. Therefore, β1 = β2, which contradicts the assump-
tion. Hence Case 1 cannot occur.
Case 2. There exists a meromorphic function α0 ≡ 0 satisfying T (r,α0)= S1(r, f ) such
that F can be expressed as
F =
(
f 2 + β1 + β2
2
f +
(
β1 + β2
4
)2
+ α0
)2
.
Therefore, we have
γ1 + γ2 + β1β2 = 2γ0 + (β1 + β2)
2
4
, (8)
γ1β2 + γ2β1 = γ0(β1 + β2), (9)
γ1γ2 = γ 20 , (10)
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γ1 = γ0 + 14β1(β1 − β2), (11)
γ2 = γ0 + 14β2(β2 − β1),. (12)
(10), (11), and (12) yield γ0 = 1/4β1β2. Therefore, γ1 = 1/4β21 and γ2 = 1/4β22 . Hence
F can be rewritten as F = (f + β1/2)2(f + β2/2)2. Since N¯(r,1/F )= S1(r, f ), we get
N¯(r,1/(f + αj ))= S1(r, f ), where αj = βj/2, j = 1,2.
Case 3. F can be expressed as
F =
(
f + β1 + β2
4
− λ1β0
)µ1(
f + β1 + β2
4
− λ2β0
)µ2
,
where β0 ≡ 0 is a meromorphic function and T (r,β0)= S1(r, f ), µ1,µ2 ∈N, λ1, λ2 ∈C,
λ1 = λ2, whereby µ1+µ2 = n and µ1λ1+µ2λ2 = 0. Since N¯(r,1/F )= S1(r, f ), we get
N¯(r,1/(f + αj ))= S1(r, f ), where αj = (β1 + β2)/4− λjβ0, j = 1,2. ✷
Lemma 7. Let f be a transcendental meromorphic function, a1 and a2 (aj =∞, j = 1,2)
be two distinct meromorphic functions satisfying T (r, aj ) = S1(r, f ), j = 1,2. If f and
f ′′ share a1 and a2 CM, then there do not exist two distinct meromorphic functions α1 and
α2 such that αj = ai, i, j = 1,2, T (r,αj ) = S1(r, f ), and N¯(r,1/(f − αj )) = S1(r, f ),
j = 1,2.
Proof. Suppose that there exist two distinct meromorphic functions α1 and α2 such that
αj = ai, i, j = 1,2, T (r,αj ) = S1(r, f ), and N¯(r,1/(f − αj )) = S1(r, f ), j = 1,2. By
Nevanlinna’s second fundamental theorem, we have
T (r, f ) N¯(r, f )+ N¯
(
r,
1
f − α1
)
+ N¯
(
r,
1
f − α2
)
+ S1(r, f )
= N¯(r, f )+ S1(r, f ).
Therefore,
T (r, f )= N¯(r, f )+ S1(r, f ), (13)
which implies m(r,f )= S1(r, f ) and
T (r, f ′′)= 3T (r, f )+ S1(r, f ). (14)
Let
h1 = (f − a1)(f
′′ − a2)
(f − a2)(f ′′ − a1) , h2 =
f − α1
f − α2 . (15)
Then we have
N¯(r, hj )+ N¯
(
r,
1
)
= S1(r, f ), j = 1,2.hj
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a common 1-point of h1 and h2. Note T (r, f ) = N¯(r, f )+ S1(r, f ). By Lemma 5, there
exist two integers s and t such that s and t are relatively prime and hs1 = ht2, i.e.,(
f ′′ − a2
f ′′ − a1
)s
= (f − α1)
t (f − a2)s
(f − α2)t (f − a1)s .
Without loss of generality, we assume that s > 0 and t > 0. Therefore, we get
sT (r, f ′′)= (s + t)T (r, f )+ S1(r, f ).
This and (14) yield t = 2s. Since s and t are relatively prime, we get s = 1 and t = 2.
Therefore,
f ′′ − a2
f ′′ − a1 =
(f − α1)2(f − a2)
(f − α2)2(f − a1) , (16)
which can be rewritten as
a1 − a2
f ′′ − a1
= (2α2 − 2α1 + a1 − a2)f
2 − (α22 − α21 + 2a1α2 − 2a2α1)f + a1α22 − a2α21
(f − α2)2(f − a1) .(17)
If z is a simple pole of f which is neither the pole of aj or αj , j = 1,2, nor the zero of
a1 − a2, then z must be a triple zero of the left-hand side of (17), and thus a triple zero of
the right-hand side of (17). Hence, we get
2α2 − 2α1 + a1 − a2 = 0,
α22 − α21 + 2a1α2 − 2a2α1 = 0.
From the above two equations, we get
α1 = 3a1 + a24 , α2 =
a1 + 3a2
4
. (18)
Therefore, (17) becomes
f ′′ − a1 = 16(f − a1)(f − (a1 + 3a2)/4)
2
(a1 − a2)2 . (19)
From (18) and the second equation in (15), we get
f = a1 + 3a2
4
+ a2 − a1
2
1
h2 − 1 . (20)
Taking derivative repeatedly gives
f ′′ = a
′′
1 + 3a′′2
4
+ a
′′
2 − a′′1
2(h2 − 1) −
(a′2 − a′1)h′2
(h2 − 1)2 −
(a2 − a1)h′′2
2(h2 − 1)2 +
(a2 − a1)(h′2)2
(h2 − 1)3 .
(21)
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f ′′ = a1 + (a2 − a1) 3h2 − 1
(h2 − 1)3 . (22)
From the above two equations, we deduce that
d1h
3
2 + d2h22 + d3h2 + d4 = 0, (23)
where
d1 = a
′′
1 + 3a′′2
4
− a1, (24)
d2 =−7a
′′
2 + 5a′′1
4
− (a′2 − a′1)
h′2
h2
− a2 − a1
2
h′′2
h2
+ (a2 − a1)
(
h′2
h2
)2
+ 3a1, (25)
d3 = 5a
′′
2 + 7a′′1
4
+ (a′2 − a′1)
h′2
h2
+ a2 − a1
2
h′′2
h2
− 3a2, (26)
d4 =−a
′′
2 + 3a′′1
4
+ a2. (27)
It is obvious that T (r, dj )= S1(r, f ), j = 1,2,3,4, and that T (r,h2)= T (r, f )+S1(r, f ).
Hence (23) implies that d1 = d2 = d3 = d4 = 0. Therefore,
(a2 − a1)
(
h′2
h2
)2
+ 2a1 − 2a2 = d1 + d2 + d3 + d4 = 0.
It follows that h′2 =
√
2h2 or h′2 = −
√
2h2. Hence h′′2 = 2h2. Combining this and
(24)–(27), we get a1 = a2, which contradicts to the assumption and completes the proof of
Lemma 7. ✷
Lemma 8. Let f be a transcendental meromorphic function, a1 and a2 (aj =∞, j = 1,2)
be two distinct meromorphic functions satisfying T (r, aj )= S1(r, f ), j = 1,2. If f and f ′
share a1 and a2 CM, and if f is a solution of the following Riccati differential equation:
f ′ = c1f 2 + c2f + c3, (28)
where c1 ( = 0), c2, and c3 are meromorphic functions satisfying T (r, cj ) = S1(r, f ),
j = 1,2,3, then f can be expressed as f = α2 + (α2 − α1)/(h− 1), where h is a tran-
scendental meromorphic function satisfying
N¯(r, h)+ N¯
(
r,
1
h
)
= S1(r, f ),
and αj (j = 1,2) are two meromorphic functions satisfying α′1 = a2, α′2 = a1, a1 − a2 =
α1 − α2, and
T (r,αj )= S1(r, f ), N
(
r,
1
f − αj
)
= S1(r, f ), j = 1,2.
Proof. Suppose that c1, c2, and c3 are meromorphic functions stated in Lemma 8, and f
is a solution of (28). Then we have
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=m(r,f ′)+ S1(r, f )m(r,f )+ S1(r, f ).
Therefore,
m(r,f )= S1(r, f ), T (r, f )= N¯(r, f )+ S1(r, f ). (29)
We distinguish four cases below.
Case 1. N¯(r,1/(f − aj ))= S1(r, f ) for j = 1,2.
Note that f and f ′ share a1 and a2 CM. By (28), (29), and Nevanlinna’s second funda-
mental theorem, we have
2T (r, f )= T (r, f ′)+ S1(r, f )
 N¯(r, f ′)+ N¯
(
r,
1
f ′ − a1
)
+ N¯
(
r,
1
f ′ − a2
)
+ S1(r, f )
= N¯(r, f )+ N¯
(
r,
1
f − a1
)
+ N¯
(
r,
1
f − a2
)
+ S1(r, f )
= T (r, f )+ S1(r, f ),
which implies T (r, f )= S1(r, f ), a contradiction.
Case 2. N¯(r,1/(f − a1)) = S1(r, f ) and N¯(r,1/(f − a2))= S1(r, f ).
Since f is a solution of (28) and share a1 and a2 CM with f ′, by Lemma 3 we have
T (r, f )=N(r,1/(f − a1))+ S1(r, f ). Therefore,
a1 = c1a21 + c2a1 + c3. (30)
It follows from (28) and (30) that
f ′ − a1 = c1(f − a1)(f − α1), (31)
where α1 =−a1 − c2/c1. Since f , f ′ share a1 and a2 CM, the above equation implies
N
(
r,
1
f − α1
)
= S1(r, f ). (32)
We need to consider two subcases below.
Subcase 2.1. α1 = a2.
Let
h3 = f − α1
f − a2 . (33)
Therefore,
f = a2 + a2 − α1
h3 − 1 . (34)
Obviously, we have N¯(r, h3) + N¯(r,1/h3) = S1(r, f ). Hence T (r,h′3/h3) = S1(r, f ).
Taking derivative in both sides of (34) gives
f ′ − a2 = F1 2 , (35)(h3 − 1)
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F1 = (a′2 − a2)(h3 − 1)2 + (a′2 − α′1)(h3 − 1)− (a2 − α1)
h′3
h3
h3. (36)
Note that N¯(r,1/(f ′ −a2))= N¯(r,1/(f −a2))= S1(r, f ) and F1/(h3−1)2 is irreducible.
We get N¯(r,1/F1)= S1(r, f ).
If a′2 − a2 = 0, then by Lemma 2, F1 can be expressed as
F1 = (a′2 − a2)
(
h3 + 2a2 − a
′
2 − α′1 + (α1 − a2)h′3/h3
2(a′2 − a2)
)2
.
Therefore,
2a2 − a′2 − α′1 + (α1 − a2)
h′3
h3
= 0 and α′1 − a2 = 0,
which implies that (α1 − a2)h3 is a nonzero constant. Therefore, T (r,h3)= S1(r, f ), and
thus T (r, f )= S1(r, f ). This is impossible.
If a′2 − a2 = 0, then it follows from (36) that:
F1 =
(
a′2 − α′1 + (α1 − a2)
h′3
h3
)
h3 + α′1 − a2.
If a′2 − α′1 + (α1 − a2)h′3/h3 = 0, then (α1 − a2)/h3 is a nonzero constant. Therefore, we
get T (r, f )= T (r,h3)+S1(r, f )= S1(r, f ), a contradiction. Hence a′2−α′1+ (α1−a2)×
h′3/h3 = 0. Note N¯(r,1/F1)= S1(r, f ). The above equation implies α′1 = a2. Therefore,
F1 = (α1 − a2)h′3.
This and (35) imply
f ′ − a1 = a2 − a1 + (α1 − a2)h
′
3
(h3 − 1)2 .
Substituting (34) into (31) gives
f ′ − a1 = c1
(
a2 − a1 + a2 − α1
h3 − 1
)
(a2 − α1)h3
h3 − 1 .
From the above two equations, we can derive a1 = a2, which contradicts the assumption.
Subcase 2.2. α1 = a2.
From (31), we have
f ′ − a1 = c1(f − a1)(f − a2). (37)
Let g = 1/(f − a2). Then N¯(r, g)= S1(r, f ). It follows from (37) that:
f ′ − a2 = F2
g2
, (38)
where
F2 = (a1 − a2)g2 + c1(a2 − a1)g + c1. (39)
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obtain c1 = 4/(a1 − a2), and
f ′ − a2 = (a1 − a2)(g − 2/(a1 − a2))
2
g2
.
Hence N¯(r,1/(g− 2/(a1 − a2))) = S1(r, f ). Therefore, N¯(r,1/(f − (a1 + a2)/2)) =
S1(r, f ). Let h4 = (f − (a1 + a2)/2)/(f − a2). Then we have N¯(r, h4)+ N¯(r,1/h4) =
S1(r, f ). Similar to the arguments in Subcase 2.1, we can still get a contradiction.
Case 3. N¯(r,1/(f − a1))= S1(r, f ) and N¯(r,1/(f − a2)) = S1(r, f ).
Similar to Case 2, we can prove that this case is impossible, either.
Case 4. N¯(r,1/(f − aj )) = S1(r, f ), j = 1,2.
By Lemma 3, we have T (r, f )=N(r,1/(f − aj ))+ S1(r, f ), j = 1,2. Therefore,
m
(
r,
1
f − aj
)
= S1(r, f ), j = 1,2.
Let
γ = f
′ − f
(f − a1)(f − a2) .
Note that f , f ′ share a1 and a2 CM. Hence T (r, γ ) = S1(r, f ). Since f is a solution
of (28), we see that f ′ = f, and thus γ = 0. From the definition of γ, we have
f ′ − a1 = γ (f − a1)(f − α2), (40)
f ′ − a2 = γ (f − a2)(f − α1), (41)
where γj = aj − 1/γ, j = 1,2. Since f , f ′ share a1 and a2 CM, the above two equations
imply N(r,1/(f −αj ))= S1(r, f ), j = 1,2. By Lemma 3, we see that α1 and α2 are solu-
tions of the above two equations. Hence a1 = α′2 and a2 = α′1. Let h= (f −α1)/(f − α2).
Then N¯(r, h)+ N¯(r,1/h)= S1(r, f ) and f = α2+ (α2−α1)/(h−1). This also completes
the proof of Lemma 8. ✷
3. Proofs of the results
Proof of Theorem 1. Let
h4 = (f − a1)(f
(k) − a2)
(f − a2)(f (k) − a1) . (42)
Since f and f (k) share a1 and a2 CM, we have
N¯(r, h4)+ N¯
(
r,
1
h4
)
= S1(r, f ).
Let
α = h
′
4 = f
′ − a′1 − f
′ − a′2 − f
(k+1) − a′1
(k)
+ f
(k+1) − a′2
(k)
. (43)
h4 f − a1 f − a2 f − a1 f − a2
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If N(r,f )= S1(r, f ), then by Lemma 4 we have f = f (k). In the sequel, we assume
N(r,f ) = S1(r, f ). Suppose that z is a pole of f , which is not any pole of a1 or a2. Then
z must be a 1-point of h4. If T (r,h4)= S1(r, f ), then we can deduce that h4 = 1, and thus
f = f (k). In the following arguments, we always assume
T (r,h4) = S1(r, f ), (44)
which implies α = 0.
From (43), we see that if z is a pole of f of multiplicity p, which is not any pole of a1
or a2, then z must be a zero of α of multiplicity p− 1. Therefore,
N(r,f )− N¯(r, f )N
(
r,
1
α
)
+ S1(r, f ) T (r,α)+ S1(r, f )= S1(r, f ).
Hence
N(r,f )= N¯(r, f )+ S1(r, f ). (45)
Note 1/(h4 − 1)= (1/α)h′4/(h4 − 1)− 1. By the lemma of logarithmic derivative, we get
m
(
r,
1
h4 − 1
)
= S1(r, f ).
If a1a2 = 0, then we can rewrite (42) as
1
f 2
= 1
a1a2
(
a2 − a1
h4 − 1
(
f (k)
f
− 1
)
+ a1 + a2 f
(k)
f
)
1
f
− 1
a1a2
f (k)
f
.
It follows that 2m(r,1/f )m(r,1/f )+ S1(r, f ). Therefore, m(r,1/f )= S1(r, f ). Equa-
tion (42) can also be rewritten as
f (k) = a2 − a1
h4 − 1
(
f (k)
f
− 1
)
+ a1 + a2 f
(k)
f
− a1a2
f
. (46)
Therefore,
m(r,f (k))= S1(r, f ). (47)
If a1a2 = 0, then from (46) we see that (47) remains true.
Let
g = a1 − a2
α
(
f ′ − a′1
f − a1 −
f (k+1) − a′1
f (k) − a1
)
. (48)
Note that f and f (k) share a1 CM, and N(r,f )= N¯(r, f )+ S1(r, f ). We see that “almost
all” the poles of g come from the simple poles of f. Suppose that z0 is a simple pole of f,
which is neither any pole of a1 or a2, nor the zero of a1 − a2. In the neighborhood of z0,
f has the following Laurent expansion:
f (z)= R +O(1), (49)
z− z0
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following expansion:
g(z)=− kR
z− z0 +O(1)
in the neighborhood of z0. Therefore, z0 is not the pole of the function
ϕ = kf + g. (50)
Hence N(r,ϕ) = S1(r, f ), which implies N(r,ϕ(k)) = S1(r, f ). By the lemma of log-
arithmic derivative, we have m(r,g) = S1(r, f ), and thus m(r,g(k)) = S1(r, f ). This
and (47) imply m(r,ϕ(k)) = S1(r, f ). Hence T (r,ϕ(k)) = S1(r, f ). By Lemma 1, we get
T (r,ϕ)= S1(r, f ). It follows from (50) that:
m(r,f )= S1(r, f ). (51)
Note that f and f (k) share a1 and a2 CM. By Nevanlinna’s second fundamental theorem,
we get
T (r, f (k)) N¯(r, f (k))+ N¯
(
r,
1
f (k) − a1
)
+ N¯
(
r,
1
f (k) − a1
)
+ S1(r, f )
= N¯(r, f )+ N¯
(
r,
1
f − a1
)
+ N¯
(
r,
1
f − a1
)
+ S1(r, f ).
This together with (51) and (45) imply
kT (r, f ) N¯
(
r,
1
f − a1
)
+ N¯
(
r,
1
f − a1
)
+ S1(r, f ). (52)
If k  3, then from (52) we get T (r, f )= S1(r, f ), a contradiction.
If k = 2, then from (52) we get
T (r, f )= N¯
(
r,
1
f − aj
)
+ S1(r, f ), j = 1,2. (53)
Let
ψ = (f − a1)(f − a2)L1
(f ′′ − a1)(f ′′ − a2) , (54)
where L1 is defined by
L1 = (a2 − a1)f ′′′ − (a′2 − a′1)f ′′ + a1a′2 − a′1a2. (55)
From (43) we get
ψ = α(f − a1)(f − a2)− (a1 − a2)f ′ + (a′1 − a′2)f + a1a′2 − a′1a2.
Since f and f ′′ share a1 and a2 CM, (54) implies N(r,f )= S1(r, f ). On the other hand,
from (51) and the above equation, we obtain m(r,ψ) = S1(r, f ). Therefore, T (r,ψ) =
S1(r, f ). Hence the above equation can be rewritten as the following form:
f ′ = b1f 2 + b2f + b3, (56)
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j = 1,2,3. Taking derivative in both sides of (56) and then replacing f ′ by the right-hand
side of (56), we get
f ′′ = 2b1f 3 + (b′1 + 3b1b2)f 2 +
(
2b1b3 + b22 + b′2
)
f + b2b3 + b′3. (57)
Note that f and f ′′ share a1 and a2 CM and N¯(r,1/(f − aj )) = S1(r, f ). From the above
equation, we get
aj = 2b1a3j + (b′1 + 3b1b2)a2j +
(
2b1b3 + b22 + b′2
)
aj + b2b3 + b′3, j = 1,2.
(58)
It follows from (57) and (58) that:
f ′′ − aj = 2b1(f − aj )(f 2 + βjf + γj ), j = 1,2, (59)
where βj and γj are meromorphic functions satisfying T (r,βj ) = S1(r, f ), T (r, γj ) =
S1(r, f ), and β1 = β2. Since f and f ′′ share a1 and a2 CM, the above equation implies
that
N
(
r,
1
f 2 + βjf + γj
)
= S1(r, f ), j = 1,2.
By Lemma 6, there exist two meromorphic functions α1 and α2 such that T (r,αj ) =
S1(r, f ) and N¯(r,1/(f − αj )) = S1(r, f ), j = 1,2. This contradictions the conclusion
of Lemma 7.
Proof of Theorem 2. Following the proof of Theorem 1, we suppose k = 1. Then
from (43), we have
α = L2
(f − a1)(f − a2) +
1
f ′ − a2
(
(a2 − a1)f
′′ − a′1
f ′ − a1 − (a
′
2 − a′1)
)
, (60)
where
L2 = (a′2 − a′1)(f − a1)− (a2 − a1)(f ′ − a′1). (61)
By (48) and (50), we have
(a2 − a1)f
′′ − a′1
f ′ − a1 = α(ϕ − f )+ (a2 − a1)
f ′ − a′1
f − a1 .
From (60) and the above equation, we get
(f ′ − f )L2
(f − a1)(f − a2) = α(f
′ + f − a2 − ϕ). (62)
Rewrite (60) as
L2 − α(f − a1)(f − a2)= (f − a1)(f − a2)L3
(f ′ − a1)(f ′ − a2) , (63)
where
L3 = (a′2 − a′1)(f ′ − a1)− (a2 − a1)(f ′′ − a′1). (64)
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a1 − a2. It is not difficult to verify that z0 is a zero of the following function:
f ′ − f
(f − a1)(f − a2) +
α
a2 − a1 .
On the other hand, from (63), we see that z0 is a simple pole of L2 − α(f − a1)(f − a2).
Let
η=
(
f ′ − f
(f − a1)(f − a2) +
α
a2 − a1
)(
L2 − α(f − a1)(f − a2)
)
. (65)
Then we have N(r, η)= S1(r, f ). From (62) and (65), we get
η= α
a2 − a1L2 −
α2
a2 − a1 (f − a1)(f − a2)+ 2αf − α(a2 + ϕ).
From (51) and the above equation, we get m(r,η) = S1(r, f ). Therefore, T (r, η) =
S1(r, f ). Substituting (61) into the above equation, we get
f ′ = c1f 2 + c2f + c3,
where c1 ( = 0), c2, and c3 are meromorphic functions satisfying T (r, cj ) = S1(r, f ),
j = 1,2,3. By Lemma 8, we obtain the conclusion of Theorem 2.
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